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Abstract
Open textile structures made of AR glass filament yarns are finding increasing application
in civil engineering, e.g. as reinforcement in thin concrete strengthening layers. A
knowledge of material parameters is a precondition for the application of such materials.
In this paper, experimental and numerical investigations aimed at collecting information
on the uncertain material parameters of AR glass filament yarns are presented. This
information serves as a basis for mathematical modelling. Uncertainty is here interpreted
as fuzzy randomness, and quantified using fuzzy probability distribution functions.
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1. Introduction
The use of open textile structures as reinforcement in concrete is an innovative field of research in
textile technology and civil engineering. Research has been focused on new construction components
made of textile-reinforced concrete as well as textile-reinforced concrete layers for strengthening
existing reinforced concrete structures (see Fig. 1). The application possibilities of textiles for the
strengthening of wooden constructions, especially connecting joints, are also under investigation.
Within the framework of the Collaborative Research Centre 528 (Sonderforschungsbereich 528)
“Textile reinforcement for structural strengthening and retrofitting” at the Dresden University of
Technology, research is currently being carried out inter alia on the basic material parameters of textile
reinforcement for the strengthening and refurbishing of structures. Textile reinforcement for
strengthening layers with a concrete matrix is currently manufactured using AR glass filament yarns.
According to loading requirements the filament yarns are layered in the stretched state and worked to
produce 2-D textile structures (see Fig. 2).
A knowledge of the intrinsic material parameters of AR glass filament yarns and of the semi-finished
products manufactured from the latter is a prerequisite for the application of textile reinforcement. The
material parameters are affected by manufacturing, transport, storage and working processes. These
parameters are uncertain, that is, they are not determinable as a single value. Besides quality
assurance and quality monitoring in the commercial manufacture of AR glass filament yarns in accordance with DIN ISO 9000, extensive experimental investigations are also required. The result obtained
from experimental investigations is a sample for the uncertain parameter with a restricted number of
sample elements, from which a formal mathematical description of the uncertainty must be developed.
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Figure 1: Rupture plane of a reinforced concrete plate
with a textile-reinforced strengthening layer

Figure 2: Multi-axial textile reinforcement

2. Experimental investigations of glass filaments and glass filament yarns
The aim of the experimental investigations is to obtain samples for the uncertain material parameters
of the textile reinforcement. This paper describes experimental investigations of AR glass filaments
and AR glass filament yarns used to manufacture textile reinforcement. For structural applications, it is
necessary to quantify geometrical parameters (cross sectional area) and parameters for describing
load-bearing behaviour (force-elongation relationship, tensile strength).
The conditions under which experimental tests are carried out should reflect the actual loading of AR
glass filaments and AR glass filament yarns in practice. Standardised specifications for testing textile
reinforcement in a concrete matrix are not available at the present time. Several of the methods
presented here thus supplement and extend current specifications /1/, /4/.
The filament fineness is determined by means of the vibration method in accordance with DIN ISO
1973 (previously: DIN 53812-T2). The Vibromat ME is applied for this purpose. In this measurement
technique, use is made of the relationship between the resonance frequency f and the stiffness of the
filament. The stiffness is dependent on the free gauge length L, the cross section and the applied pretensioning force Fv. Under the condition of a constant circular cross section and a constant density, the
fineness Tt is
Tt =

Fv
4 ⋅ f 2 ⋅ L2

(1)

When assessing the measured results, it must be observed that the accuracy of measurements
decreases with increasing filament diameter, that is, the uncertainty increases.
The stress-strain relationship for filaments may be determined using the Fafegraph tensile-testing
machine manufactured by the Textechno Herbert Stein company in compliance with the international
standard DIN EN ISO 5079. The tensile-testing machine operates according to the principle of
constant deformation rate or constant rate of specimen extension (CRE). The force sustained by the
specimen is measured at equal time intervals. With the aid of the previously determined filament
fineness, the breaking strength is calculated from the breaking force.
In order to dimension the textile reinforcement, it is necessary to know how the mechanical properties
of the filaments in the yarn vary within a cross section, a reel and a batch. Specimens are thus
obtained by drawing successive equidistant lengths of a filament and by drawing filaments from one
filament yarn cross section.
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Tests on filament yarns embedded in a concrete matrix have shown that the single filaments of the
yarn exhibit different bond lengths. This refers to regions in which the filament tensile force is
transferred to another filament or to the concrete matrix. This behaviour is simulated using samples of
different free gauge lengths (4, 12, 20, 40, 80, 100 mm). Specimens are drawn for filaments with
diameters of 13.5, 16.5 and 22.5 µm.
The stress-strain relationship for filament yarns is determined by means of static tensile tests. These
tests are based on the international standard ISO 3341 for determining the properties of AR glass
filament yarns /3/. The tensile-testing machine operates according to the CRE principle. In order to
obtain realistic and comparable measurement results, the testing conditions were calibrated in
preliminary tests. On the basis of the latter, the following test apparatus and test conditions were
derived:
•
•
•
•

Special yarn clamps (vulcollan coating, smooth), with cleaning after each test in order to avoid
clamp breakage and clamp slippage;
free gauge length of 500 mm and constant rate of extension of 200 mm/min;
optical elongation recorder;
standard climate 20 ± 2 °C, 65 ± 2 % RH (relative humidity).

In Section 3.4, a model is presented for the numerical computation of the maximum tensile force which
may be sustained by the filament yarn under consideration of the breaking strength of the filaments. In
order to compare the numerical results with the experimentally determined maximum tensile forces,
tests are carried out under similar conditions for filaments and filament yarns. In view of the maximum
free gauge length of the filament tensile-testing machine, the tensile tests are carried out for a free
gauge length of L = 100 mm for the filaments as well as the filament yarn NEG-ARG 620-01. The test
parameters adopted for this purpose are: constant rate of extension of 50 mm/min, flat clamps,
measurement of length changes in the case of filament tests via the traverse path (by means of optical
extension recorders in the case of yarn tests), and a standard climate.

3. Fuzzy-stochastic evaluation of the breaking strength of glass filaments and
glass filament yarns
3.1 Remarks on uncertainty
The experimental investigations yield concrete samples with a limited number of sample elements. On
the basis of these samples, it is necessary to develop a formal mathematical description according to
the type of uncertainty present. The test theory of classical statistics permits the testing of the samples
for randomness. In the event that the samples do not unequivocally exhibit the characteristic of
randomness, extended uncertainty models such as fuzzy random models must be applied.
The concrete sample shown in Fig. 3 is assessed in relation to the uncertainty to be assigned. The
sample elements describe the breaking strength of glass filament yarn. The sample is evaluated using
estimation and test theory. In order to examine the random characteristics of the sample shown in Fig.
3, non-parametric tests are carried out /11/. The null hypothesis H0, "the sample elements are
random", is rejected with a level of significance of 0.987. Based on the test of homogeneity, the null
hypothesis H0, "the sub-samples containing elements 1-55 and 56-110, respectively, originate from the
same distribution", is rejected with a level of significance of 1.0. With the aid of goodness-of-fit tests
the sample probability distribution type is sought. The Kolmogorov-Smirnov goodness-of-fit test yields
a rejection certainty of 0.0 for both the normal distribution and the logarithmic normal distribution. The
unique assignment of a distribution type is hence not possible. The i.i.d. paradigma (i.i.d. = identically
independently distributed) of statistics is not fulfilled.
In the case of informal uncertainty, e.g. when defining the distribution type of a universe, it is not
possible to mathematically describe the uncertainty by randomness alone. This is demonstrated by
way of a numerical study /9/. A universe is given with a theoretically exact normal distribution, with an
expected value E(X) = 3 and a variance of VAR(X) = 1. 40,000 samples are extracted from the
universe, each of size n = 100 elements. Although the distribution type for the universe is known, a
normal distribution and a logarithmic normal distribution are assumed as alternatives for the extracted
samples. For each sample, the parameters of the assumed normal distribution and logarithmic normal

117

distribution are estimated by means of the maximum likelihood method. The expected values and
variances of the 40,000 estimated distributions are computed and presented in Fig. 4 in the form of a
frequency distribution. Although the samples were extracted under constant conditions, it is evident
that significant informal uncertainty exists when the distribution type of a universe cannot be accurately
stated.
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Figure 3: Tensile strength of glass filament yarn NEG-ARG 620-01
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Figure 4: Distribution of the expected value E(X) and the variance VAR(X) for
assumed different types of probability distribution functions

It cannot be assumed, however, that measurements to determine the material parameters (drawing of
samples) of AR glass filaments and yarns are carried out under constant conditions. The measured
material parameters are affected by a variety of non-constant factors such as e.g. humidity,
temperature, air pressure, electric or magnetic fields, the application of different measurement
methods, techniques and equipment, or performance of the tests by different test personnel. This
results in non-fulfilment of the basic i.i.d. paradigma. Even when applying BAYES statistics as a
possible means of introducing additional information via a universe, fulfilment of the i.i.d. paradigma is
disputed for the sample variables of several samples. For it is thereby assumed that the distribution of
the universe, from which different samples are successively extracted, remains unchanged. The
assumed a priori distribution may significantly affect the results and lead to non-negligible errors.
Non-constant reproduction conditions, a limited sample size, uncertain or non-numerical data or nonfulfilment of the i.i.d. paradigma leads to considerable uncertainty, which may be described using
extended uncertainty models. The uncertainty characteristic of randomness is assigned to stochastic
uncertainty. This satisfies statistical laws and is accounted for and modelled using probabilistic
methods. Informal and lexical uncertainty are described by the uncertainty characteristic fuzziness.
This is characterised by non-statistical properties and subjective influences, and is accounted for and
modelled using fuzzy set theory. Fuzzy randomness occurs when the stochastic description of a
random variable is informally or lexically uncertain. The modelling of uncertainty as fuzzy randomness
leads to a generalised uncertainty model, which includes the special cases of fuzziness and
randomness. The mathematical description is based on the theory of fuzzy random variables.
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3.2 Fuzzy random variables and fuzzy probability distribution function
The underlying concepts and definitions relating to the theory of fuzzy random variables are
expounded in /5/, /6/ and /10/. Fuzzy random variables are defined by an extension of the axiomatic
probability concept after KOLMOGOROV. The probability space [X; B; P] is thereby extended by the
dimension of fuzziness; the uncertain measure probability remains defined over n-dimensional
Euclidian space ℜ n .
% is the fuzzy result of the uncertain mapping
A fuzzy random variable X
~ F ℜn
Ω→

( )

(2)

where F( ℜ ) is the set of all fuzzy numbers in ℜ . Each ordinary random variable X (without fuzzi% , is referred to as an original of X
% . The fuzzy random
ness) on X, which is completely contained in X
% is the fuzzy set of all possible originals X contained in X
% . The fuzzy random variable X
%
variable X
n

n

may be described mathematically by a fuzzy probability distribution function F% ( x ) /8/.
% is the set of probability distribution functions of all
The fuzzy probability distribution function F% ( x ) of X
% with the membership values µ(F(x)), see Fig. 5. The quantification of fuzziness by
originals Xj of X
% as a
fuzzy parameters leads to the description of the fuzzy probability distribution function F% ( x ) of X
function of the fuzzy bunch parameter s% .
% x)
F% ( x ) = F ( s,

(3)
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Figure 5: Fuzzy probability density function f% (x) and fuzzy probability distribution
function F% (x) of a one-dimensional continuous fuzzy random variable

Fuzzy bunch parameters may represent all functional parameters and/or parameters for describing the
functional type. These must be estimated from the existing samples. Assuming a functional type for
the fuzzy probability distribution function, the estimation problem reduces to the determination of the
distribution parameters. These are modelled as fuzzy numbers. The quantification of fuzziness as
fuzzy numbers for assessing informal and lexical uncertainty is referred to as fuzzification.
By means of fuzzification it is possible to mathematically describe the effects of fuzziness on the
distribution parameters. The elements s of the fundamental set S of a distribution parameter are
assessed in relationship to their membership to a subset A ⊆ S. If it is not possible to definitely state
whether individual elements s belong to A or not, their membership to A is assessed in stages. An
assessment of all elements yields the membership function µ(s) as a characteristic function for the
fuzzy variable s% . The membership function µ(s) is referred to as normalised, if its maximum functional
value is equal to unity /7/.
It is not possible to state a universally applicable algorithm for specifying the membership function µ(s)
of an uncertain set. The derived membership functions µ(s) represent a subjective assessment
reflecting objective conditions. Linguistic assessments, e.g. “the effects of spurious points on the
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variance is very large, large, moderate, small or very small”, may be taken into consideration. For µ(s)
it is sensible to choose simple functions which describe linear or polygonal functional behaviours.
A% =

{( s, µ ( s ) ), s ∈ S}

µ(s)
crisp set A
~
fuzzy set A

1

0
s

support

Figure 6: Comparison of the crisp set A with a fuzzy set A%

Here we suggest specifying the mean value of the fuzzy parameters by point estimation, and the
support value by interval estimation for a prescribed confidence level γ. Fig. 7 demonstrates this
approach for the example of a fuzzy triangular number <tu, θ̂ , to>. This approach is referred to as
fuzzy parameter estimation.

µ(θ)
1

θˆ = Θ ( x1, ..., xn )
Pθ Tu ( X1, ..., Xn ) < θ < To ( X1, ..., Xn )  = γ

tu

θ%

to

θ

Figure 7: Determination of a fuzzy distribution parameter

3.3 Tensile strength of glass filaments and glass filament yarns
The experimental investigations have shown that the breaking strength of AR glass filaments is chiefly
determined by structural and surface defects. Assuming the actual strength to be a material constant
is thus a very rough approximation. The latter fluctuates considerably and describes the damage state
of the glass filaments. The number, magnitude and distribution of defects cannot be determined
experimentally. It is thus appropriate to specify the strength as an uncertain parameter. Fuzzy
randomness is applied here to mathematically model this uncertainty, as a description of the
uncertainty using randomness alone is not possible without an element of doubt.
AR glass filaments
The samples for determining the tensile strength of AR glass filaments NEG-ARG 155-01 with different
free gauge lengths are evaluated using the methods of estimation and test theory. With the aid of test
theory the samples are tested for randomness and homogeneity. Moreover, matching tests are carried
out to identify the distribution type. The Kolmogorov-Smirnov goodness-of-fit test and the χ 2
goodness-of-fit test are non-parametric tests in which the empirical distribution of the sample is
compared with a prescribed probability distribution and estimated parameters. The results of the tests
are presented in Table 1 for different distribution functions in relation to different free gauge lengths.
The parameters of the tested functions were in each case estimated using the maximum likelihood
method.
The aim of the goodness-of-fit tests is to reject the null hypothesis H0 "the sample originated from a
universe with a special distribution" with a specific certainty. The classical test theory approach yields
a true/false decision regarding the rejection of H0 for a prescribed significance level α. The significance
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level α represents the maximum tolerated probability that H0 is falsely rejected. The rejection
certainties 1 - α of the tests are presented in Table 1. The error of the first type, i.e. the false rejection
of H0, is made with a probability α. This error should not exceed 0.1. Accordingly, a distribution
assumption may only be rejected with certainty provided the rejection certainty is greater than 0.9. The
corresponding boxes in Table 1 are specially marked. The classical test theory does not, however,
permit a confirmation of H0 when the observation is insufficient for rejection purposes, i.e. uncertainty
exists in this case regarding the distribution type.
Owing to a shortage of objective information concerning the distribution type of the universe a fuzzy 2parametric WEIBULL distribution (Eqn. (4)) is assumed here. The uncertainty of the statistical description is expressed by the fuzzy scaling parameter theta and the fuzzy form parameter k, which are
determined by means of fuzzy parameter estimation. The two-side confidence level of the interval estimation for the support of the fuzzy parameters is defined with γ = 0.95. The interval estimation is carried out using the bootstrap method. The fuzzy parameters are listed in Table 2 and plotted in Fig. 8.
k% 

%F ( σ ) = 1 − exp  −  σ  
T
  ϑ%  



(4)

Table 1: Results of non-parametric tests of the samples

distribution function
normal
logarithmic normal
GUMBEL
3-par. WEIBULL
2-par. WEIBULL

test
run test
test of homogeneity
KS test
χ2 test
KS test
χ2 test
KS test
χ2 test
KS test
χ2 test
KS test
χ2 test

4 mm
0.685
0.821
0.468
0.891
0.709
0.954
0.792
0.987
0.208
0.870
0.516
0.877

12 mm
0.892
0.821
0.500
0.383
0.864
0.837
0.991
0.998
0.589
0.544
0.076
0.808

20 mm
0.312
0.451
0.146
0.665
0.888
0.909
0.953
0.878
0.199
0.384
0.319
0.484

40 mm
0.312
0.033
0.641
0.506
0.882
0.443
0.970
0.909
0.567
0.665
0.000
0.630

80 mm
0.159
0.997
0.706
0.581
0.979
0.983
0.982
1.000
0.759
0.798
0.360
0.301

For arbitrary free gauge lengths the fuzzy parameters ϑ% and k% are approximated as functions
~
~
~
~
a ⋅ L−b and k (L ) = ~
c ⋅ L− d . For the support limits and the mean value of the fuzzy parameters the
ϑ(L ) = ~
approximation functions with fuzzy parameters a% = 3331, 3370, 3408 , b% = 0.0867, 0.0892, 0.0923 ,
and d% = 0.1525, 0.1733, 0.1861 are shown in Fig. 8. By way of example,
Fig. 9 shows the fuzzy probability distribution function F%T ( σ ) for a free gauge length L = 80 mm with
c% = 14.77, 17.31, 20.73

the fuzzy parameters derived from the sample shown in Table 2 and the functionally approximated
parameters. The approximated fuzzy position parameter ϑ% (L = 80 mm) is a good approximation of
the parameter estimated from the sample. In contrast, the approximated fuzzy form parameter k% (L =
80 mm) underestimates the variance determined from the sample. The distribution for α = 1 estimated
from the sample using the maximum likelihood method is included as an original in the approximated
fuzzy probability distribution.
Both fuzzy distribution estimated from the sample and approximated distribution are poorly matched to
the empirical distribution for F% ( σ ) < 0.1. As an alternative to the approach of fuzzy parameter
T

estimation with a prescribed distribution type, the empirical distribution of the samples may be directly
fuzzified (see e.g. /9/).
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Table 2: Fuzzy parameters of the fuzzy 2-parametric WEIBULL distribution

fuzzy parameter
free gauge length
4 mm
12 mm
20 mm
40 mm
80 mm

ϑ%

k%

<2915.99, 2963.17, 3006.65>
<2733.52, 2793.99, 2849.18>
<2422.03, 2471.57, 2516.79>
<2420.05, 2461.01, 2499.88>
<2212.72, 2278.09, 2336.84>

<11.95, 14.07, 16.89>
<8.25, 9.78, 12.13>
<7.59, 9.80, 13.49>
<10.54, 12.84, 16.34>
<5.54, 6.74, 8.56>

~
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Figure 8: Fuzzy parameter of the fuzzy 2-parametric WEIBULL distribution discrete values of Table 2 and fuzzy approximation functions
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Figure 9: Fuzzy 2-parametric WEIBULL distribution (L = 80 mm)

AR glass filament yarn
For the purpose of quality monitoring, extension-controlled tensile tests (CRE method) were carried
out. The tensile strength is computed on the basis of the determined maximum tensile forces and the
nominal value of the cross sectional area. For different linear density of the yarn and different batches,
these experiments yield samples containing 100 to 110 sample elements (see e.g. Fig. 3). The
samples may be used for establishing fuzzy probability distribution functions for the tensile strength of
AR glass filament yarns.
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3.4 Numerical determination of the maximum tensile strength of glass filament yarn
The sustainable maximum tensile force of glass filament yarn may also be approximately determined
with the aid of a numerical model in consideration of the uncertainty of the glass filaments’ breaking
strength.
It is thereby assumed that all filaments in the glass filament yarn are ideally oriented (straight, perfect).
By applying a tensile force at the ends of the yarn, all filaments experience the same elongation, that
is, a tensile stress occurs in each filament. The tensile stress sustainable by a single filament is
subject to the uncertainty of fuzzy randomness. The fuzzy probability distribution function of the
sustainable tensile stress based on the empirical distribution is shown in Fig. 10 for a special sample.
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Figure 10: Fuzzified empirical distribution of a concrete sample

As a consequence of uncertainty, filaments with the least fuzzy probability are the first to tear. This
leads to a redistribution of stress to the non-torn filaments. Only a damaged residual cross section is
now available to sustain the tensile force. In the case of a sufficiently small tensile force, this residual
cross section is sufficient to sustain the tensile force exerted at the ends of the yarn. In the event that
the tensile force exceeds a threshold value, progressive deterioration of the yarn takes place.
This threshold value corresponds to the maximum tensile force. An upper limiting value of this
maximum tensile force may be computed as follows under the presumed assumption.
The residual cross section ARE of the filament yarn is given by the difference between the undamaged
cross section AUD and the cross section of the torn filaments ATO.
A RE ( σ ) = A UD − A TO ( σ )

(5)

The acting stress σ is larger than the breaking strength sustainable by the torn filaments. As the fuzzy
probability distribution function F%T ( σ ) yields the fuzzy probability that a filament tears under a
particular tensile stress σ, the following holds:

(

A% RE ( σ ) = AUD − AUD ⋅ F%T ( σ ) = AUD ⋅ 1 − F%T ( σ )

)

(6)

The uncertain tensile force sustainable by the residual cross section is given by

(

P% ( σ ) = σ ⋅ A% RE ( σ ) = σ ⋅ A UD ⋅ 1 − F%T ( σ )
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)

(7)

If, for the purpose of simplicity, a linear stress-strain relationship σ = E ⋅ ε is assumed, Eqn. (7)
reduces to

(

P% ( ε ) = E ⋅ ε ⋅ AUD ⋅ 1 − F%T ( σ )

)

(8)

The fuzzy force-elongation relationship for the filament yarn NEG-ARG 620-01 with L = 100 mm is
shown in Fig. 11. In this case, the fuzzified empirical distribution was chosen for the fuzzy probability
distribution function F%T ( σ ) of the tensile strength of single filaments (Fig. 10). The maximum tensile
force follows from
dP% ( ε )
dε


dF%T ( ε ) 
= E ⋅ AUD ⋅  1 − F%T ( ε ) − ε ⋅
=0

dε 


(9)

The solution of Eqn. (9) yields the elongation ε% M corresponding to the maximum tensile force P%M . The
maximum tensile force and the corresponding elongation are fuzzy values (see Fig. 11).
With the aid of the corresponding elongation ε% M it is possible to estimate the percentage of filaments
torn on attainment of the maximum tensile force. Assuming a linear stress-strain relationship σ = E ⋅ ε ,
the stresses σ% M = 1795.5, 2008.3, 2027.3 correspond to the elongations ε% M . For the investigated
sample with a fuzzy probability distribution function F% ( σ ) according to Fig. 10 the following fuzzy
T

quantile values correspond to σ% M
0.056, 0.118, 0.127

for α = 0 (right )

0.110, 0.190, 0.200

for α = 1

0.188, 0.281, 0.292

for α = 0 (left )

(10)

An experimentally determined force-elongation curve is also shown in Fig. 11. This confirms, in
principle, the prognoses given by the numerical model.
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Figure 11: Fuzzy force-elongation curve of AR glass filament yarn NEG-ARG 620-01

Deviations may be explained by the chemical-physical properties of the size surrounding the filaments
as well as the geometrical configuration of the filaments in the yarn.
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Not all filaments are ideally aligned in the filament yarn; different elongations and stresses in the
filaments result from the application of a tensile force at the yarn ends. Relative displacements
between filaments may thus occur, due to differing elongations. Both bonding forces and frictional
forces transferred between the filaments influence the maximum tensile force. It is necessary to take
account of these effects in an extended model.
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